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Let G be a locally compact abelian topological group, L,(G) the algebra of
Haar integrable functions on G under convolution multiplication, and M(G) the
algebra of regular Borel measures on G under convolution multiplication. L,(G)
has been extensively studied and has been the motivation behind many of the
results in Banach algebra theory; its maximal ideal space is G”, the character
group of G. M(G) is a far more complex algebra and a workable characterization
of its maximal ideal space has been elusive. In this paper we attempt to give such
a characterization. In analogy with L,(G), we represent the maximal ideal space of
M(G) as the set S™ of all semicharacters on a compact topological semigroup S.
The methods used are applicable to a large class of Banach algebras which we have
labeled convolution measure algebras. L,(G) and M(G) are convolution measure
algebras as is the measure algebra on any locally compact topological semigroup.

The Banach space structure of a convolution measure algebra is that of a
complex L-space. This allows us to use the L-space theory developed by Kakutani,
Cunningham, and others. In §1 we identify the adjoint space of a complex L-space
as the space of all continuous functions on some compact Hausdorff space. This
follows from similar results of Cunningham for real L-spaces. For this paper we
have chosen to use the abstract definition of complex L-space. A detailed de-
velopment of the results of §1 based on a concrete definition of L-space may be
found in the author’s dissertation [11].

In §2, we define the concept of convolution measure algebra and prove, using
the results of §1, that the maximal ideal space of a commutative convolution
measure algebra I may be represented as the set S™ of all semicharacters on some
compact topological semigroup S. In §3, we investigate the structures of IR, S,
and S”. We identify a subset H of S on which the Gelfand transform of each
element of I attains its maximum modulus. In §4, we discuss briefly three special
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convolution measure algebras associated with a locally compact group G. These are:
L,(G), M(G), and the convolution algebras discussed by Arens and Singer in [1].

1. L-spaces and L-homomorphisms. In this section we summarize a portion of
the theory of L-spaces as developed in [2] and [3], and prove some theorems
concerning homomorphisms of such spaces.

A real L-space is a lattice ordered real Banach space £, such that u,ve &, u =0,
v20 implies ||p+v|=]u|+|v] and pvel with pAv=0 implies
|| pu+v|= " u—v|. If 8 is a Banach space of real bounded measures (not nec-
essarily countably additive) on a Boolean algebra, such that is clodse under sup
and inf, then it is easily seen that £ isa real L-space.Conversely, Kakutanihas shown
that every real L-space may be represented as such a space of measures (cf. [3]).

Rieffel has mentioned in [5] an extension of the concept of L-space to complex
Banach spaces. We restate this as follows:

DeriNITION 1.1. A complex L-space is a partially ordered complex Banach space
IN, such that the real subspace N, generated by {ueIN: u = 0} is a real L-space and

(@) if pe I there exist unique elements Re(n), Im(u)e M, such that
n= Re(n) + i Im(p), and

(b) if |u| =V {Re(e’n): 0 < 0 < 2n}, then ||u|| = || Iul ” for each ue M.

An L-subspace 9t of a complex L-space 9t is a closed subspace, such that
O0<v=Zpu, ueN, and ve I implies ve N, and pe N implies |u, e It can be
shown that an L-subspace of a complex L-space is again a complex L-space. If it
is an L-subspace of 9t then N * is the space of all ue I, such that | uI A , vl =0
for each ve M. N* is again an L-subspace of MM and M =N+ N~

If 9N is a complex Banach space of measures on a Boolean algebra, such that
the real measures in 9t form a lattice and Re(n), Im(p) € I whenever pe IN,
then clearly M is a complex L-space. Here | ul is the ordinary total variation of the
measure y. In analogy with Kakutani’s results, it can be shown that every complex
L-space may be represented as such a space of measures.

Throughout the remainder of this section, 9t will denote a fixed complex L-space.

DeriNniTION 1.2. R will denote the algebra of bounded operators T on N,
such that T9 = N for every L-subspace N of M.

The following theorem is an adaption to the complex case of several results in
the theory of real L-spaces.

THEOREM 1.1. There is a compact, extremaly disconnected Hausdorff space X,
an order-preserving isometry u— py of M into M(X) (the space of regular Borel
measures on X), an isometry F—f of M* onto C(X), and an isomorphism-
isometry T—f of R onto C(X), such that

F(i) = f fdux and (Tiy(V) = fyfd#x

for each Borel set V of X.
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The proof follows from §8 and §9 of [2] which yields similar results for real
L-spaces. The extension to the complex case is straightforward. A detailed proof
may be found in [11]. To each L-subspace 3 of P there corresponds a unique
projection operator P R, called the L-projection on 9, such that Pt = N and
(I — P = N*. The space X may be described as the Stone space of the Boolean
algebra of L-projections P, as in [2], or it may be described as the maximal ideal
space of R, as in [11].

The imbedding u — uy of Theorem 1.1 preserves order and norm, and, hence,
preserves all L-space properties. Thus we may identify I with its image My in
M(X), I* with C(X), M** with M(X), and R with the algebra of operators
determined by C(X) via integration. X will be called the standard domain of ).
It can be shown that My is the L-subspace of M(X) consisting of all 1e M(X)
such that (V) = 0 for each Borel set ¥V of X with empty interior (cf. [11, Theorem
1.12]).

Note that for pe I, Iulx = |ux], where

|Hx|(U) = sup {Z |;¢X(V,-n U)|: {V;}/=, is a Borel subdivision of X }
i=1

is the total variation of the measure uy. If u,ve MM then v is in the L-subspace
generated by pu if and only if vy is absolutely continuous with respect to uy. Simi-
larly ,| x| A |v] =0 if and only if vy is purely singular with respect to uy.

We complete this section with some homomorphism theorems which are
essential to obtaining the results of §2. Let 9, and IR, be complex L-spaces with
standard domains X; and X, respectively. By Theorem 1.1, we may identify
M, with (M,)x, and M, with (IN,)x, and drop the use of the subscripts.

DeFiNiTION 1.3. If 0 is a bounded linear map from I}, to IM,, then 6 will be
called an L-homomorphism if the following conditions are satisfied:

(D) if 0 < pe My, then || Ou| = | u|;

(2)if 0 < pe M, then Ou = 0; and

(3) ifueM,;,ve M,,u=0,and 0 < v < Oy, then there exists we M,;,0S w = i,
such that 6w = v.

LemMMA 1.1. If 0 is an L-homomorphism from M, to M,, N is an L-subspace
of My, and N’ = {ueM,: Glul €N}, then N’ is an L-subspace of M, and
(mr) L — (ml)l‘

Proof. That M’ is an L-subspace follows from (2) of Definition 1.3. If pe (RN’)",
then | u| e(M')* and 6|u| 2 0. Either 6]p|eN* or there exists nonzero veRN -

i.h) < v <6|pu|. In the latter case, (3) of Definition 1.3 yields an element w € M,
such that 0 S w £ Iyl and fw =v. Then we(N')*; however 0w =veN and so
weN'. It follows that w =0 and v = 0. The resulting contradiction shows that
0| u| e M*. Hence (') = (M*). The reverse containment is clear.
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LemMA 1.2. If Y and Z are compact Hausdorff spaces and o is a continuous
map from Y to Z, then the equation

O0u(V) = u(a™*(V)) for V a Borel set of Z
defines an L-homomorphism 8 from M(Y) to M(Z).

Proof. 0 clearly satisfies (1) and (2) of Definition 1.3. If ue M(Y), u=0,
ve M(Z), and 0 < v £ 6, then by the Radon-Nikodym Theorem, there exists a
Borel function f on Z, such that 0 < f < 1 and W(V) = [,fd0u for each Borel set V
of Z. If we set 0*f(y) = f(a(y)), then 6*f is a Borel function on Y, 0 < 0% <1,
and 6w = v where w(V) = [,0*(du. Hence (3) of Definition 1.3 holds and 0 is
an L-homomorphism.

THEOREM 1.2. If 0 is a bounded linear map from IR, to M,, then the following
statements are equivalent:

(a) 0 is an L-homomorphism;

(b) there exists a continuous map o from X, to X ,, such that 0u(V) = p(a~*(V))
for each Borel set V of X,;

(c) 6*, the adjoint map of 0, is a homomorphism of the algebra C(X,) into the
algebra C(X)), 0*f=0*f, and 6*1 =1.

Proof. (b) and (c) are clearly equivalent. That (b) implies (a) follows from
Lemma 1.2. Hence it suffices to prove that (a) implies (b).

If R is an L-subspace of IM,, let P and P’ be the L-projections on I and N’
respectively (cf. Lemma 1.1). By Lemma 1.1, if ue IR, then O0P'ueM and
0(I — PH)ueN*. It follows that

POu = P[OP'u+ 6(I — P')u] = OP'p.
If ue M,, 1 =0, then by (1) of Definition 1.3,
P'uXy) = | P'u| = 0P| = | POu | = POM(X,).

It follows that P'u(X,) = POu(X,) for any peIN,.

On the basis of Theorem 1.1 we may conclude that there is a one-to-one cor-
respondence P — U between the Boolean algebra of all L-projections P on M,
and all open-compact subsets U of X,, such that Pu(X,) = u(U), and a similar
correspondence P’ — U’ between the L-projections on )1, and the open-compact
subsets of X,. Hence, by the above paragraph, the correspondence Jt - RN’ of
Lemma 1.1 determines a map U — U’ from all open-compact subsets of X, to
open-compact subsets of X,;. This map clearly satisfies (U, n U,) = U;n U3,
(X,\U) =X,\U’, and 6u(U) = w(U’) for each pe IM,. The map U - U’ gen-
erates a continuous map o« from X, to X,, such that « (U)= U’ for each
open-compact subset U of X,. This map is described as follows: If xe X, let
a(x) = n{U: x € U'}; since X, is extremally disconnected it has a basis of open-
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compact sets U; it follows from this and the properties of the map U — U’ that
a(x) is a single point of X, for each xe X,, a”*(U) = U’ for U open-compact in
X,, and a is continuous. Now since Ou(U) = u(U’) = u(a” ' (U)), it follows that «
is the required map. This completes the proof.

COROLLARY. If an L-homomorphism 0 is one-to-one, then 8 is generated by a
homeomorphism of X, into X, and is an isometry.

Condition (3) in the definition of an L-homomorphism may be replaced by a
formally weaker condition, namely:

(3') There exists a set § of positive elements of M,, such that every positive
we IR, is the norm limit of linear combinations, with positive coefficients, of
elements of §, and if ue g, ve M,, and 0 < v < Oy, then there exists a sequence
{w}i2, =My, 0 =< y; < p for each i, and lim; Oy; = v.

THEOREM 1.3. If 0 is a bounded linear map from I, to IN, which satisfies
(1) and (2) of Definition 1.3 and (3’) as stated above, then 6 is an L-homomorphism.

Proof. We shall show that 0 satisfies (3) of Definition 1.3. Let § be the subset
of M, given by condition (3'). If ue M, and u = 0, then by (3’) there exist measures
{13112, < & and numbers a;; = 0, such that if y; = X%, a,u; then lim; p; = p.
IfveIR,and 0= v < Ouwesetv,=vA Oy; then 0 < v; < Oy, and lim; v; = v A Ou
=v. Similarly, we can write

ni
V= )X a;ivi;
j=1

for some collection of measures v;; € M, with 0 < v/, < Oy;;. These statements
follow from the fact that the real measures in I, form a lattice ordered Banach
space.

By (3') there exists for each i and j a sequence {w;;}r=;< M, such that
0< < m; and lim, Oy =v,;. Let wy= X% a0 Then 0= wy, S
and lim, Ow,, = v;. Since lim; v; = v, there exists a diagonal sequence {wy, }i=,
such that lim; Owy, = v.

We now apply some results of Porcelli concerning weak convergence in spaces
of measures (cf. Theorems 3.2 and 4.3 of [4]). Since {y;};%~, converges in norm
and 0 < wy, < y; for each i, it follows that {w, };Z,; has a weakly convergent
subsequence. Let w be the limit of such a subsequence. Then 0 < w < p and
fw = v. Thus 0 satisfies (3) of Definition 1.3. This completes the proof.

2. Convolution measure algebras. Throughout this section I will denote a
complex L-space with standard domain X. We shall consider It as a subspace of
M(X) in accordance with Theorem 1.1.

DEFINITION 2.1. A convolution measure algebra is a complex L-space I
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together with a multiplication - on 9, such that (IR, - ) forms a Banach algebra
and the following conditions are satisfied:

D) Ifu,veM, u=0,v=0, then ";t . v” = ||u|| ”v”

Q) Ifu,veM, n=0,v=0, thenp-v=0.

(3) If u, v, and w are positive elements of N and w < u - v, then for each ¢ > 0
there exist sets {,};-, and {v;}7-, of positive elements of I and a set of numbers
{a;}i7ey = [0,1], such that X7_, pu; < p; Xmv;<v,and ” O— Xai vj” <e.

Let S be any locally compact topological semigroup (in particular S may be a
group). Convolution in M(S) is a multiplication - defined by the equation

f £ d(u - () = f F(st)du(s) do()

for each bounded Borel function f on S. It is well known that M(S) is a Banach
algebra under this multiplication (cf.[10]).

THEOREM 2.1. If S is a locally compact topological semigroup, then M(S) is a
convolution measure algebra.

Proof. (1) and (2) of Definition 2.1 clearly hold for convolution in M(S).

To show that (3) holds, let u,v, and @ be positive measures in M(S), such that
o = p -+ v. By the Radon-Nikodym Theorem, there exists a Borel function f on S,
such that 0 < f< 1 and w(V) = [,fdp - v for each Borel set V of S. Let h be the
Borel function on S x S defined by h(s,t) = f(st). Clearly 0 < h < 1. It follows
that for each ¢ > O there exists a function k on S X S of the form

k= X a;jTij,
i,j=1
where 0 < a;; < 1, {U;}/-, and {V}}7-, are Borel subdivisions of S, m;; is the
characteristic function of U; x V;, and [ |h - k[d(u X v) < e Let p(V)
= p(¥N Uy and v(¥V) = (VN V)) for each i and j and each Borel set V of S. Then

™M=

m
p=p and X v, =
1 j=1

i
Also, it follows from Fubini’s Theorem and the definition of convolution that
if g is any continuous function on S and p = X, j @ij(p; * v;), then

| [edto -] = | [ stsnks.0) = hs.0) durand| = |

Hence "p - w" < ¢. This completes the proof.

DerINITION 2.2. If 9t is a complex L-space, let It @ M denote the L-subspace
of M(X x X) generated by the set of measures u X v for p,ve IN.

Let X 2,p; be a convergent series of measures p; in M(X x X) with each p
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absolutely continuous with respect to some y; x v; for u;,v; e M. Clearly X.2,p;
is absolutely continuous with respect to u x v, where

0 )
p= T 2l and v = E 27 .
n= n=

It follows that It ® M is precisely the set of all measures in M(X x X) each of
which is absolutely continuous with respect to some u X v for u,veI. Also, by
the Radon-Nikodym Theorem each positive measure in Nt ®@ M is the norm
limit of linear combinations, with positive coefficients, if measure of the form
u X v for p,v positive measures in M .

LemMmA 2.1. If (IR, ) is a convolution measure algebra, then there exists
an L-homomorphism 0 from M M to M such that 6(u x v) = u-v for each
u,veIk.

Proof. Fix u,veIR; we define 6 first on L(u, X v), the space of measures in
M(X x X) which are absolutely continuous with respect to u x v. Let {U;}j-,
and {V;}7-, be Borel subdivisions of X and set (V) = y(VN U, v(V) =(VN V)
Note that the collection {u; x v;};"7=; consists of mutually singular measures.
If p is any measure of the form p = Z,,,-a,-j,uj X v;, we set Op = Zi,ja,.jui- v;.
Then

IIA

loo] = X fayl e vl = Z fayl|wll ]

L |ay| [ xv;] = “ 2} ayw+vi| = |o]-
i,J i,

A simple refinement argument shows that the definition of p is independent
of the subdivisions {U;}/-, and {V;}~, which are used in the representation of p.
The collection of measures which can be represented in the above form for some
{Ui=1, {V;}7-1 and {a;;}{"]=, comprises a dense subspace of L(u X v). 0 as
defined above is clearly linear and of norm one on this subspace. Hence 6 may be
extended to all of £(u X v). Clearly 0(u; X v{) =, v, if gy X v, € 8(u x v) and 0
is uniquely defined by this condition. If u,, v,, u,, v, €I and we carry out the
above process for £(u; x v,) and £(u, X v,), obtaining maps 6, and 0, respectively,
then 0, and 0, must agree on 8(u; X v{) N L(u, X v,). It follows that 6 may be
defined on all of 9 ® IN satisfying O(u x v) = u - v for each u, ve M.

Note that (1) and (2) of Definition 2.1 imply that 0 satisfies (1) and (2) of Defi-
nition 1.3. If we set § = {u x v:u,ve M, u = 0,v = 0}, then (3) of Definition 2.1
implies that § and 6 satisfy (3') as used in Theorem 1.3. Hence, by that theorem, 6
is an L-homomorphism.

LemMA 2.2. If Y is the standard domain of M @M, then there is an iso-
morphism-isometry ¢ of C(X X X) into C(Y), such that ¢f= ¢f, 1 = 1, and
[fdp= [¢fdpy for each fe C(X X C(X X X) and pe MOM.
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Proof. Let R be the algebra of bounded operators on M @ IN which leave all
L-subspaces invariant. By Theorem 1.1, R is isomorphic-isometric to C(Y)under
a map T-f, such that (Tp)y(V) = [yfdpy. Each he C(X x X) determines an
operator Te R, such that Tp(U) = [yhdp. The map h— T is an isomorphism-
isometry of C(X x X) into R. ¢ is the composition of h » T and T— f. Clearly ¢
has the required properties. The map ¢ is not generally onto; in fact, if it were
then X X X and Y would be homeomorphic and X x X would be extremally
disconnected. However, it can easily be shown that X x X is extremally discon-
nected if and only if X is finite.

DeriNiTION 2.3. If (MR, - ) is a commutative convolution measure algebra, we
denote by A the collection of all functions fe C(X), such that

[raw-=[ran[ra

for each u, ve I and fis not identically zero.
Since IM* = C(X), the maximal ideal space of (I, - ) is, by definition, A with
the weak-*topology of MM*.

Lemma 2.3. If feC(X) then feA if and only if 0*fe dC(X x X) and
¢ 10%f(x,y) = f(x)f () for each x,ye X, where 0 and ¢ are as defined in
Lemmas 2.1 and 2.2.

Proof. If feC(X) let h be the function in C(X x X) defined by h(x,y)
=f(x)f(y). By Lemma 2.2, ¢h = 0*f if and onlyif [hdp= [¢hdpy, = [fdfp for
each pe M @M. Since M M is generated by the collection {u x v:u,veIR},
¢h =0* if and only if [fd(u-v)= [hd(uxv)= [fdu [fdv for each p,
ve I, i.e., if and only if fe A.

COROLLARY. (a) 1€A,
(b) if f €A, then feA, and
(c) if fand he A then fh e A provided fh # 0.

Proof. By Theorem 1.2 and Lemmas2.1 and 2.2, ¢~ '6* is a homomorphism,
¢~ '0*f= ¢-16*fand ¢ ~'6*1 = 1. Hence the corollary follows from the char-
acterization of A in Lemma 2.3.

DEerINITION 2.4. If S is a topological semigroup, then a semicharacter on S is a
continuous function f of norm less than or equal to one on S, which is not identi-
cally zero and such that f(st) = f(s)f(¢) for each s,te S. The collection of semi-
characters on S will be denoted by S~.

THeoREM 2.2. If (M, -) is a commutative convolution measure algebra,
then there is a compact, abelian topological semigroup S and a continuous map
o of X onto S, such that

(a) S” separates points in S, and

(b) the map h— ho is a one to one map of S™ onto A.
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Proof. Let A be the closed linear span of A in C(X). By the corollary to Lemma
2.3, A is a subalgebra of C(X) which is closed under conjugation and contains
the constant functions. If x,ye X set x ~ y if f(x) = f(y) for every fe A. If S is
the factor space of X modulo the equivalence relation ~ and ¢ is the natural
map from X onto S, then S is a compact Hausdorff space, o is continuous, and o
induces an isomorphism-isometry k — ho of C(S) onto A.

If fe A then by Lemma 2.3, 6*f € $C(X x X) and ¢~ ' 6*fis constant on subsets
of X x X of the form 6~ '(s) x ¢~ '(¢) for s, t € S. This allows us to define a map y
from C(S) to C(S x S) in the following manner. If he C(S) then hoe A and
¢~ '0*(ho) is constant on each ¢~ '(s) x ¢~ (¢) for s, teS. Hence there exists a
function yhe C(S x S) such that

h(o(x),0(y)) = ¢~ '0*(ho) (x, y).

It follows from the properties of 6*, ¢, and ¢ that y is a bounded homomorphism
of C(S) into C(S x S), f = 1f, and y1 = 1. Note that if h e C(S), then hoeA if
and only if yh(s,t) = h(s)h(2).

Each point (s,t) of S x S determines a homomorphism é of C(S) into the
complex numbers through the formula 6h = yh(s,t). Each such homomorphism
arises from a point st € S, such that éh = h(st); i.e., there is a map (s, t) - st from
S x S to S, such that h(st) = yh(s,t) for each he C(S). Note that ho € A if and
only if h(st) = h(s)h(t), and since the closed linear span of A is A, this completely
determines the map (s, t) — st. It follows that (s,t) — st is a commutative, associ-
ative, and continuous multiplication on S. Under this multiplication Sis a compact
abelian topological semigroup and S™ = {he C(S): ho e A}. Since the closed
linear span of A is A, the closed linear span of S™ is C(S) and S~ separates
points in S. This completes the proof.

We shall call S the structure semigroup of (I, - ).

DeriNITION 2.5. A C-homomorphism of a convolution measure algebra
(M,, -) into a convolution measure algebra (M,, ) is a bounded homo-
morphism of (I, - ) into (M, - ) which is also an L-homomorphism of M,
into M.

THEOREM 2.3. If (IR, - ) is a commutative convolution measure algebra, X the
standard domain of M, S the structure semigroup of (M, - ) and o the natural map
from X to S, then the map p—pgof (M, + ) into M(S) defined by ug(V)=pu(e~*(V))
is a C-homomorphism; also:

(@) [ hdus= [ ho du for pe M and he C(S),

(b) the image M of M is weak-* dense in M(S), and

(¢) u— ugis an isometry if and only if I, - ) is semisimple.

Proof. By Lemma 1.2, u — ug is an L-homomorphism of It into M(S). Clearly
fhdus= | ho dufor each he C(S). To see that yu — g is an algebraic homomor-
phism, note that if he S™ and p,ve I, then
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f hd(p - v)g = f hod(u - v) =f hodp f hodv
= j hdug fhdvs= f h(st)dug(s)dvs(1)

= f hdﬂs ° Vs
Hence

(B V)s=psvs

Since M separates points in C(X), M separates points in C(S); hence M is
weak-* dense in M(S).

The map pu— ug is clearly one to one if and only if A separates points in I,
i.e., if and only if (N, - ) is semisimple. By the corollary to Theorem 1.2, u— ug
is one to one if and only if it is an isometry. This completes the proof.

On the basis of Theorems 2.2 and 2.3 we may identify the maximal ideal space
of a commutative convolution measure algebra (M, - ) with S=, the set of semi-
characters on the structure semigroup S of (M, - ). If ue M, then the Gelfand
transform ™ of u is the function defined on S~ by u~(h) = [hdus. The Gelfand
topology on S” is the weak topology generated by the algebra of functions u~
forpe M. S™ is locally compact in this topology and is compact if and only if
(M, - ) has an identity. If peIN then u~e Cy(S™), the algebra of continuous
functions on S” which vanish at infinity.

3. The structure of S and S~. Let (MM, ) be a commutative semisimple
convolution measure algebra and S the structure semigroup of (IR, - ). By Theorem
2.3, we may identify I with Mg and drop the use of the subscript. Hence It will be
considered an L-subalgebra of M(S).Asin §1, R will denote the algebra of bounded
operators on I which leave L-subspacesinvariant.

In Definition 2.4 we insist that S* consists of nonzero homomorphisms of S
into the unit disc. The set S~ U {0} of all continuous homomorphisms of S
into the unit disc is clearly a semigroup with identity under pointwise multipli-
cation. S itself may not be closed under this multiplication. For example, let
S = {a, b,c} where a®> = a, b*> = b, and ab = ac = bc = ¢* = ¢; here S~ = {f, g, h}
where f(a)=f(b)=f(c)=1, gla)=1, g(b)=g(c)=0, h(b)=1, and h(a)
= h(c) = 0; in this case gh =0 ¢ S”. However, in the important case where S has
an identity, S is clearly closed under pointwise multiplication and is itself
a semigroup with identity.

THEOREM 3.1. S has an identity if and only if IR has an approximate identity
of norm one, i.e., a net {y,},.q = M, such that " Uy " =1 for each « and
lim,p, - p=p in norm for each peIN.
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Proof. If S has anidentity e, let {U,}, . o be a neighborhood basis at e. Since IN
is a weak-* dense L-subspace of M(S), there is a positive measure y,, of norm one,
concentrated on each U,. It is easily seen that the net {y,}, c o is an approximate
identity for 9.

Conversely, if 9t has an approximate identity {u,},.y of norm one, then
{Ha}s ey clusters to some element ve M(S) in the weak-* topology of M(S). It
follows that |v| =1 and v-p=p for each pe M. Thus [fdu= [fdv-u
= [fdv [fdu for each pe M and feS”~. Therefore [fdv=1 for each feS™.
However, | v| =1 and ||f|| £1 for feS™ and hence each feS” is identically
one on the carrier of v. Since S™ separates points in S, it follows that v is con-
centrated on a single point e such that f(e) = 1 for fe S”. This implies that e is an
identity for S.

The following lemma is a straightforward consequence of Theorems 1.1, 2.2
and 2.3.

LemMmA 3.1. If TeR then Tis an algebraic homomorphism of M if and only
if there exists fe S~ U {0} such that Tu(V)= [,fdp.

Since, by Lemma 3.1, S~ U {0} may be identified with a semigroup of oper-
ators in R, itinherits two natural topologies from R: the strong and weak operator
topologies. These are the topologies of pointwise convergence of operators on It
in the norm and weak topologies of IR, respectively. On S~ the weak topology
coincides with the Gelfand topology. Pointwise multiplication is not generally
continuous in this topology (cf. §4). However, for fixed ge S™ it is easily seen
that the map f— gf is weakly continuous. Multiplication is continuous in the
strong topology on S~ U {0}. This suggests that the strong topology may be a
more natural topology to use; however, the author has not investigated this point.
In the case where I = L,(G) for some locally compact abelian group G, the two
topologies coincide (cf. §4). Unless otherwise specified we shall use the weak
topology on S™ U {0} from here on.

DEFINITION 3.1. An ideal of 9t which is also an L-subspace of I will be called
an L-ideal. If ¥ is an L-ideal of 9N and T * is a subalgebra, then T will be called a
prime L-ideal. An ideal J of S, such that S\J is a subsemigroup, will be called a
prime ideal.

THEOREM 3.2. If T is an L-subspace of M, then the following statements are
equivalent:

(a) T is a prime L-ideal,;

(b) the projection P e R, which projects on I+, is a homomorphism;

() there is an idempotent ne S, such that T = {ue M: fndlul =0};

(d) thereis an open-compact prime ideal J = S, such that T={ue M: carrier (1)
< J}.

Proof. This follows readily from Theorem 2.2, Lemma 3.1, and the fact that
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carrier (u - v) < carrier (u) carrier (v) for u, ve M(S). Here = is the function in
S~ corresponding to P as in Lemma 3.1 and is the characteristic function of S\J.
The above theorem establishes a one to one correspondence between prime
L-ideals of I, idempotent homomorphisms in R, idempotents in S™, and open-
compact prime ideals of S. The maximal groups in S may be characterized as
follows: if me S~ is an idempotent, then the maximal group G*(n) containing =
is the set of all he S*, such that |h| =m. If = is the characteristic function of
S\J, where J is an open-compact prime ideal of S, then G (=) is isomorphic to the
character group of the kernel (minimal ideal) G of S\J through the restriction
map h—rhla. If H is the union of all maximal groups G~(n) in S*, then
H={heS": Ih(s)] =0 or 1 for each se S} and H is made up of building blocks
which may be identified with groups of characters. Much of the pathology of
convolution measure algebras arises when H is a proper subset of S*.

LemMa 3.2. If g is a bounded Borel function on S and g(st) = g(s)g(t) for
s, te S, then there exists fe S~ U {0} such that f= g except on a set N of u-
measure zero for each peIN.

Proof. We define Tu(V) = [,g du for pe M and V a Borel set of S. Then
TeR and Tis a homomorphism. Hence, by Lemma 3.1, there exists fe S, such
that Tu(V) = [f dp. The conclusion follows.

COROLLARY. If S, is an open (closed) subsemigroup of S whose complement
is an ideal, then the closure (interior) of S, is either empty or an open-compact
subsemigroup whose complement is an ideal.

Proof. If g is the characteristic function of Sy, then g clearly satisfies the
hypothesis of Lemma 3.2 and, hence, there is a 7€ S~ U {0} such that n=g
almost everywhere with respect to each measure in 9. It follows readily that =
is idempotent and is the characteristic function of the closure of S, if S, is open
and the interior of S, if S, is closed. The conclusion follows immediately.

Note that if f € S*, then {seS:f(s)#0} is an open subsemigroup whose
complement is an ideal and, hence, its closure is an open-compact subsemigroup
whose complement is an ideal. We shall call the closure of {s€S: f(s) # 0} the
support of f.

Lemma 3.3. IffeS”, then lf[eS" and there exists a unique he H such
that f = |f|h and h has the same support as f.

Proof. We set hy(s) = | f(s)| ~%f(s) if f(s) #0, hy(s) =0 if f(s) =0. Then h,
is a bounded Borel function and h,(st) = h,(s)h(t) for each s, t € S. By Lemma 3.2
there exists he S*, such that h = h, except on a set of u-measure zero for each
peM. Since h is continuous, it follows that he H and f = |f|h. Clearly h has the
same support as f and is unique with this property.

IfreS™, r=0, and z is a complex number with Re(z) > 0, then the function
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r?is again in S™. The map z—r* is a vector-valued analytic function from
{z: Re(z) > 0} into S*. If H = S, then re S™, r 2 0, implies that r is an idem-
potent and the map z — r*® is constant. However, if H # S~, then there exist
functions re S, r = 0, for which this map is nontrivial.

THEOREM 3.3. If peIN then u attains its maximum modulus on H.

Proof. Since pe Cy(S), it attains its maximum modulus at some point, say f,
in S*. Let f=|f|h as in Lemma 3.3. We define &(z) = [|f|*h du = p~(|f|h)
for Re(z) > 0. ¢ is analytic on {z: Re(z) > 0}; however, ¢ attains its maximum
at z = 1. Hence £ is a constant; i.e., y'\(]f *h) = u~(f) for all z such that Re(z) > 0.

Let k(s) =lim, |f|"(s) and note that k(s) = 0 if | f|(s) < 1, k(s) = L if |f|(s) = 1.
It follows that k is a bounded Borel function and k(st) = k(s)k(t) for each s, teS.
Hence there exists 7€ S™ (n must be idempotent), such that = = k except on a
set of p-measure zero for each ueIR. Then zhe H and pu~(nh) =1im, p’*(| f I"h)
= u~(f) by the Lebesgue dominated convergence theorem. Hence u~ attains its
maximum modulus at nhe H. This completes the proof.

The Silov boundary of M is the smallest subset of S~ which is closed in the
Gelfand topology and on which each u~eJ* attains its maximum modulus.
A point feS” is called a strong boundary point if for each open subset U of $*
which contains f, there exists a function { in the norm closure of IM* in Cy(S™)
such that { attains its maximum modulus at f but not at any point of S~\U.
Theorem 3.2 shows that the closure of H contains the Silov boundary. A similar
argument shows that H itself contains the set of strong boundary points. Un-
fortunately, when multiplication is not continuous in S~ U {0}, H may not be
closed in S$~. This is the case when It = M(G) (cf. §4). Note, however, that H is
closed in S~ in the strong topology since multiplication is continuous in the
strong topology.

Let K be the union of all maximal groupsin S. K is a compact subsemigroup of
S.1f se K, then s ! denotes the inverse of s in the maximal group containing s.
The map s — s~ ! is a continuous isomorphism of K onto K (cf. [12, p. 98]).

LemMA 3.4. If seS, then se K if and only if | f(s)| =0 or 1 for each fe S™.

Proof. If sisin some group, then f restricted to that group is either a character
or zero for f € S*. Thus |f(s)l =0orl.

To prove the converse, note that if O(s) denotes the closure of {s": n =1,2,-..}
then O(s) is a compact semigroup and therefore has a kernel Q which is a group.
If p is the identity of Q, then clearly |f(s)| = O implies f(p) = 0 and |f(s)| = 1
implies f(p)=1 for feS~. Thus if |f(s)|=0 or 1 for each feS*~, then
f(sp) =f(s)f(p) =f(s) for each fe S, and sp = s since S separates points in S.
However, spe Q@ = K. This completes the proof.

DEerINITION 3.2. If peM(K) and V is a Borel set of K, then we define

V)= g(y).
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The map p — fi is clearly an involution on the algebra M(K). The next theorem
shows how the symmetry of Y is related to the semigroup K and the involution ~ .

THEOREM 3.4. If pe IR, then i~ e M ifand only if pe M(K) and jie M. In this
case ji~= p~. M is symmetric if and only if K=S and I isclosed under the
involution ~ .

Proof. Suppose ue I and there exists ve M, such that i~ =v~. We shall
show that carrier (1) = K. If not, then there exists se carrier (u)\K and feS~,
such that 0 < |f(s)| <1. Let U={teS:0< |f(t)| < 1}. There exists heS~™,
such that ful f Ih dp # 0, since U meets carrier (1). We define, for Re(z) > 0,
&z)=[|f*h du= [o|f|’h du+ C, where C=lim, [|f|"h dp. Since &(1)# C
and lim,, &(n) = C, ¢ is an analytic function which is nonconstant. Hence & is not
analytic. However, &(z) = ﬁ—'*(| f |’h) = v"(| f |’h) and ¢ must be analytic. The
resulting contradiction shows that carrier (u) = K. The rest of the theorem
now follows readily.

The author has been unable to determine whether in general, or even when
M = M(G), it is true that M N M(K) is closed under the involution ~. If the
answer to this question were affirmative, then Theorem 3.4 could be simplified to
read: “If e Mthen g~ M™ if and only if ue M(K). M is symmetric if and
onlyif K=8S."

4. Examples. Let G be a locally compact abelian group and G* the character
group of G. In this section we discuss three types of convolution measure algebras
associated with G.

i. L,(G). The algebra L,(G) of all Haar integrable functions on G under con-
volution multiplication is clearly a convolution measure algebra. It is well known
that the maximal ideal space of L,(G) may be identified with G~. Thus, it is
easily seen that, for L,(G), S is the Bohr compactification of G and S* =G~
(the Bohr compactification of G is the unique compact group whose dual group is
isomorphic to G*). The weak or Gelfand topology induced on G* by L,(G)
coincides with the compact-open topology of G” as a space of functions on G.
It follows from this that the weak and strong topologies discussed in §3 coincide
on G~

ii. The algebras of Arens and Singer. Let G, be a closed subsemigroup of G
such that the interior of G, is dense in G,. Let A be the subalgebra of L,(G)
consisting of those functions in L,(G) which vanish outside G,. 4 is clearly an
L-subalgebra of L,(G). Arens and Singer in [1] show that the maximal ideal
space of A is G 7, the space of all semicharacters on G.. It follows that there is a
continuous isomorphism of G, onto a dense subsemigroup of S, the structure
semigroup of A. This map is determined by the corresponding isomorphism of
S*~ onto G+. Thus S is a compactification in some sense of the semigroup G.,.

Theorem 3.1 of [1] shows that the set H discussed in §3 corresponds to the
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set of all restrictions to G, of characters of G. Theorem 4.6 of [1] shows that
this is the Silov boundary of the maximal ideal space of A.As in the case of L,(G),
the weak topology of G} coincides with the compact-open topology and, hence,
with the strong topology.

In the particular case when G is the group of integers and G, the semigroup of
nonnegative integers, the semigroup G; = S~ becomes the closed unit disc
under multiplication, H becomes the unit circle, A is the algebra of absolutely
convergent sequences under convolution, and the Gelfand transform takes a
sequence to the corresponding analytic function on the disc.

Note that in the preceding examples S turns out to be a compactification of a
more appropriate semigroup. We suspect that this may be the case in general
and hope to investigate the question in a later paper.

iii. M(G). Let M(G) be the algebra of all bounded regular Borel measures on G
under convolution multiplication and let S be the structure semigroup of M(G).
The structure of S is largely undeterminded in this case for even the simplest
nondiscrete groups. However, there are a few observations which can be made.
Each ye G~ determines a complex homomorphism F of M(G) through the
formula

PG = [ xdn

Hence there is a natural imbedding y — h, of G™ into S™, such that

f xdu =f h,dus

for each pe M(G). It can easily be shown that y — h, is an isomorphism of G*
onto G~(1)={heS™: lhl = 1}. Since G~(1) is isomorphic to the character group
of the kernel of S, it follows that the kernel of S is the Bohr compactification of G.
Similarly, it can be shown that the maximal group at the identity in S is the Bohr
compactification of (G,d), where (G,d) is G with the discrete topology (that S
has an identity in this case follows from Theorem 3.1 and the fact that M(G) has an
identity of norm one).

It is well known that if G is nondiscrete, then M(G)is not symmetric (cf. [6,
p. 107]). The next theorem, in conjunction with Theorem 3.4, shows that the
asymmetry of M(G) is related to the structure of S.

THEOREM 4.1. If G is nondiscrete, then there is a compact subset V of S which
carries nonzero continuous measures in (M(G))s such that every continuous
function of norm less than or equal to one on V is the restriction to V of a semi-
character in S™. It follows that H is a proper subset of S~ and K is a proper
subset of S.

Proof. Hewitt and Kakutani have shown that every nondiscrete locally
compact abelian group G contains a Cantor set P, such that if M (P) denotes the
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space of continuous measures in M(P), then every linear functional of norm less
than or equal to one on M(P) is the restriction to M (P) of a complex homomor-
phism of M(G) (cf. [6, Theorem 5.4]). It follows that if V is the smallest closed
subset of S containing carrier (1) for each u e M (P), then Vsatisfies the conditions
of the theorem.

The method used in Theorem 5.4.1 of [6] shows that there are points of S~\H
which are in the Silov boundary. Given a linear functional L on M (P) with
|L| £1, a e M(P), and &> 0, the set H(u,e) is defined to be the set of all
complex homomorphisms A of M(G) for which Ih(u) - L(u)l Se If {Hu, &)} -,
is any finite collection of these sets, then Lemma 5.4.2 of [6] is used to show the
existence of an he niH(u,., g;). This h is chosen to be any complex homomor-
phism at which the Gelfand transform of a certain measure attains its maximum.
Thus h may be chosen from the Silov boundary. It follows from the compactness
of the sets H(u, ) and the Silov boundary that there is an h, in the Silov boundary
which is in all H(u,s). Hence, ho = Lon M(P). Clearly, if | L| <1 then h, must
correspond to a semicharacter in S*\H.

The above discussion, together with Theorem 3.3, shows that if G is nondiscrete,
then H is not closed in S~ and multiplication is not continuous in S*.

On p. 235 of [7] Rudin proposes three problems concerning M(G):

(a) What is the Silov boundary of the maximal ideal space of M(G)?

(b) Is there a subset of the maximal ideal space of M(G) larger than the closure
of G*, on which the restrictions of the Gelfand transforms are closed under
conjugation?

(c) Characterize R(G), where R(G) is the set of all ue M(G) for which there
exists ve M(G) such that i~ = v~.

Theorem 3.3 gives a partial result on problem (a). In addition the author has
proved that when G = D,, the countable product of two point groups, the closure
of H is a proper subset of S~ and, hence, the Silov boundary is a proper subset of
S”. This result will appear in a later paper. We conjecture that the above is true
for any nondiscrete group G.

In connection with problem (c), Theorem 3.4 shows that R(G) is contained in
R,(G), the algebra of measures p € M(G) for which ug is carried on K. We con-
jecture that R(G) = R,(G).

Problem (b) was settled in the affirmative by Simon for the case when G is the
real line (cf. [8]).

Sreider in [9] has given a characterization of the maximal ideal space of M(G)
in terms of what he calls generalized characters. A generalized character is a
collection of functions {f,}, cm@) on G such that f,e L(n) for each pu, f,(xy)
= f,(X)f(y) almost everywhere on G X G with respect to u X p, and if v is abso-
lutely continuous with respect to u, then f, = f, almost everywhere with respect
to v. It can be shown that the set of generalized characters is closed under the
obvious pointwise multiplication and that the resulting semigroup is isomorphic



166 J.L. TAYLOR

to our S*. However, Sreider’s work does notindicate the existence of something
like the underlying semigroup S.
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